The transport properties of stationary waves superposed on a basic zonal current with horizontal and vertical shears in a rotating stratified fluid are discussed.
Introduction
When atmospheric waves, such as gravity waves, inertio-gravity waves and quasi-geostrphic waves, are excited by a surface topography over which an airstream flows, and propagate upward, they transport energy and momentum. The transport properties have been discussed by many authors so far. Eliassen and Palm (1961) have shown that, in a non-rotating fluid, when the basic zonal current depends only on height and the wave is stationary,the Reynolds stress uw (where u and w are the velocity perturbations in zonal and vertical directions respectively, and the bar means zonal average) is independent of height. However, in a rotating fluid, this no longer holds, as pointed out by Blumen (1965) . Instead, Jones (1967) has shown that the quantity (u-**)w (where * is the meridional displacement of a particle and * is the Coriolis parameter) is independent of height. After that, Bretherton (1969a) has pointed out that (u-**)w is the vertical transport of wave momentum in the rotating case.
However, in these studies, the mass flux (or density flux) remains untouched.
In the nonrotating case, the mass flux is zero up to the second order of wave amplitudes (Bretherton, 1969b) , but in the rotating case it does not vanish in general. The mass flux contributes to changing the mean buoyancy.
Thus, in the rotating case, not only the Reynolds stress but also the mass flux may exert "forces" to the mean flow. Particularly, when the wave is quasigeostrophic or of an internal Rossby wave type, the effect of the meridional mass flux on the mean flow is striking (Matsuno, 1971) . However, the relationship between the mass flux and the transport of wave momentum seems not to have been definitely discussed so far (cf. Eliassen, 1968; Hayashi, 1970; Lindzen, 1970) .
On the other hand, the concept of "momentum radiation by wave" has been proposed by LonguetHiggins and Stewart (1961, for example) in their studies of interaction between oceanic surface waves and flows. They have shown that the Michiya Uryu 87 divergence of energy flux is given by the inner product of the rate of strain tensor of the basic flow and a kind of wave momentum flux tensor, which has been named "radiation stress" by them. Although their studies have been confined to water waves, Bretherton (1969b) has shown that the concept of radiation stress can be applicable also to internal gravity waves, by considering the induced mean flows around a propagating internal gravity wave packet.
In the present paper, we shall discuss the transport properties of stationary waves superposed on a basic zonal current with horizontal and vertical shears in a rotating fluid, from the viewpoint of momentum radiation. In order to do so, it is necessary to connect the mass flux with the transport of wave momentum, because the former appears in the wave energy equation as the term which corresponds to release of potential energy. First, we shall obtain an expression of wave momentum flux from equations of motion, by introducing the Lagrangian displacements into the Eulerian formulations. Next, we shall discuss the relation between the mass flux and the wave momentum transport, and finally try to express the wave energy equation by the inner product of the wave momentum flux and the rate of strain tensor or velocity gradient tensor of the basic zonal flow. Further, it will be shown that the zonal momentum flux has a solenoidal character in the meridional plane.
Our problem is similar to that discussed by Eliassen and Palm (1961) . However, they have discussed the problem within the framework of Eulerian specification, and hence their results are not so simple as ours. The physical meaning of the stream function introduced by them in the discussion of stationary quasi-geostrophic waves remains obscure.
Momentum flux
We shall consider stationary wave disturbances superposed on a baroclinic zonal flow. For simplicity, we make the following assumptions :
(1) the motion is adiabatic and frictionless; (2) the Boussinesq approximation; (3) the local Cartesian expression is possible; (4) the quasi-hydrostatic approximation.
The following notations are used: x, y, z=Cartesian coordinates directing eastward, northward and upward respec- The set of equations (2-4) to (2-8) is essentially the same one as Eliassen and Palm (1961) treated, except that in the present paper the Boussinesq approximation is adopted.
They discussed the transfer of wave energy based on these equations. We shall discuss similar problems, but in a somewhat different way.
First, we shall derive the wave momentum flux. For doing so, we shall introduce the Lagrangian perturbations into the Eulerian formulation. The Lagrangian perturbations are defined as the displacements of a particle from its position in the unperturbed flow. Thus, when the fluid particle, which would be at (x, y, z) if undisturbed, is actually located at (x+*, y+*, z+*), the Lagrangian perturbations *, *, and * are related to the Eulerian perturbations as follows :
If we obtain solutions u, v and w from the set of equations (2-4) to (2-8), the Lagrangian perturbations *, *, and * can be found from the above equations.
The left-hand sides of (2-9), (2-10) and (2-11) are the components of velocity perturbations referred to unperturbed positions of individual particles.
For brevity, we shall write them as ul, vl and wl respectively.
The adiabatic condition, in terms of perturbed displacements, is written as because the particle density is conserved.
Differentiating (2-12) by x and taking (2-10), (2-11) and (2-3) into account, we see that (2-12) is reduced to (2-7), the adiabatic equation in the Eulerian form. The Lagrangian continuity equation becomes to the first order of perturbation amplitudes. Differentiating (2-13) by x and substituting (2-9), (2-10) and (2-11), we see that (2-13) is reduced to (2-8), the continuity equation in the Eulerian formulation.
Making use of the Lagrangian displacements thus introduced, we can write (2-4) as Here all variables refer to an Eulerian point (x, y, z), and *(x, y, z, t) means the displacement (in x direction) of a particle which should be at (x, y, z) in the unperturbed state and * and * have similar meanings. Thus, x, y and z play dual roles of the Eulerian coordinates and the labels of fluid particles in the Lagrangian formalism.
where the bar means zonal average. Although vl**0, the term is retained in order to retain the similarity to (2-14). The right-hand sides of these equations can be regarded as flows of momenta crossing an undulating material surface*. The term Q0(ul-**) on the right-hand sides of these equations involves not only the excess or deficit of relative (to the rotating system) zonal momentum of a particle Q0ul, but also the momentum excess or deficit due to the latitudinal displacement of the particle from its mean position -Q0**.
(2-14) shows that, if ulwl is negligible in comparison with **wl, the wave energy is transported upward when U is positive everywhere and in the wave motion the northward displacement of a particle correlates positively with the upward motion.
If we put *=0, (2-14) and (2-15) are reduced to
These are the wave momentum fluxes in the nonrotating case. It should be noted that the righthand sides are not the Reynolds stress components uv and uw, and that they are reduced to the Reynolds stress if the basic zonal flow is constant.
Mass (or density) flux
In general, waves transport not only momentum but also mass (or density). The mass flux contributes to changing the mean buoyancy, as pointed out by Bretherton (1969b) . Thus, the mass flux acts as a body force, while the momentum flux (Reynolds stress) acts as a surface force.
In the case of internal gravity wave, the body force due to the mass flux is one order smaller than the surface force due to the Reynolds stress (Bretherton, 1969b) .
However, in a quasigeostrophic wave motion, the effect of mass flux is comparable or even larger than that of horizontal momentum transport.
When a quasigeostrophic wave propagates upward, heavier mass moves toward the south, while lighter mass moves toward the north (Eliassen and Palm, 1961) . Then, a meridional circulation is induced, upward motion to the north and downward motion to the south. On this circulation, Coriolis force exerts, and as a consequence an easterly zonal flow is generated or the exsiting westerly is decreased in the upper layer (Matsuno, 1971) . Thus, the mass flux associated with quasigeostrophic waves plays a decisive role in the vertical transmission of zonal motion.
Multiplying (2-7) by * and then averaging zonally, we obtain Thus, the meridional mass flux is related with the vertical transport of momentum excess or deficit due to the meridional displacement of a particle from its mean position.
The relation (3-1) has been mentioned by Eliassen (1968) .
If vq<0, we see *wl>0. That is, when the mass flux is directed southward, particles displaced northward move upward on average and vice versa.
While, as was previously discussed, the northward displacement implies the deficit of zonal momentum, and hence the southward mass flux (vq<0) means that the deficit of zonal momentum is transported upward or that the excess is transported downward.
If the wave is quasi-geostrophic, ulwl is negligibly small in comparison with **wl. Then, we have This implies that, if the basic zonal flow is westerly, the wave transporting the zonal momentum deficit upward (*wl>0) transports energy upward (pw>0).
It is known that when a quasi-geostrophic wave is excited in a lower level and propagates upward, the basic westerly zonal current may become weak in upper levels (Matsuno, 1971) . The origin of the westerly deceleration is attributed to the meridional circulation induced by the mass flux by the wave.
The present result indicates that an alternate explanation in terms of upward transport of momentum deficit (northward displacement) is equally correct in this problem.
In the problem of zonal wind acceleration by Yanai waves in the equatorial stratosphere, Hayashi (1970) considered the effect of mean meridional circulation induced by heat transport by the waves, while Lindzen (1970) discussed the problem in terms of momentum transport including the rotational effect (the momentum deficit due to the meridional displacement of a fluid particle). Both authors have shown that a Yanai wave causes easterly acceleration by the additional effect in spite of the fact that the wave transports westerly momentum upward (uw>0). The present result indicates that the two approaches should give the same results at least qualitatively.
Energy equation and the solenoidal character of wave momentum flux
Multiplying (2-4) by u, (2-5) by v and (2-6) by w, and then adding and averaging the result zonally, we obtain the energy equation :
Non-rotating case
In the non-rotating case, the last term on the right-hand side of (4-1) vanishes since w and q are */2 out of phase to each other in internal gravity waves. Then, the energy equation becomes wave momentum to the mean flow, and hence the mean flow remains unchanged, to the second order of wave amplitudes (Bretherton, 1969a ., for example). We can extend the theorem to the case when U is a function of both y and z. However, it should be reminded that only the divergence of the zonal component of the wave momentum flux tensor referred to undulating material surfaces is zero, and the other components have not such a character.
(4-3) shows that an internal gravity wave exerts a stress on the basic flow. The stress components on the right-hand side are the zonal components of so-called radiation stress tensor.
Rotating case
In the rotating case, wq in (4-1) is not zero in general. Multiplying (2-7) by q and then averaging the result zonally, we obtain
The right-hand side of this equation has a form of an inner product of the Reynolds stress and the velocity gradient tensor of the basic zonal flow.
By use of the equation (2-9) to (2-11), it is readily shown that where use is made of the relation (3-1) .
Then, the energy equation (4-1) becomes Thus, we can rewrite the energy equation (4-1') by using Lagrangian velocities as follows ;
Since (4-2) holds also for the rotating case, (4-6) is rewritten as
The right-hand side of (4-3) has also a form of an inner product of the momentum flux tensor referred to material surfaces and the velocity gradient tensor. Next, we shall show the solenoidal character of the flux of momentum in the x-direction According to (2-14), (2-15) and (4-3), we obtain Thus, we see also in the rotating case that the divergence of energy flux is given by the inner product of the wave momentum flux tensor and the velocity gradient tensor.
Then, from (2-14), (2-15) and (4-7), we obtain This is an extension of the theorem that the Reynolds stress is independent of height when U is a function of z alone (Eliassen and Palm, 1961 This has been already pointed out by Jones (1967) , and also this is not inconsistent with the result by Blumen (1965) that in a rotating fluid the Reynolds stress uw is not independent of height. If the wave is quasi-geostrophic, (4-8) is approximated to Taking (3-1) into account, we obtain If the basic wind is dependent only on height, the first term can be omitted, and then the density flux vq is independent of height, as already known (Charney and Drazin, 1961 ., for example). Moreover, it follows from (4-10') that the basic zonal wind cannot be changed, to the second order of wave amplitudes (Charney and Drazin, 1961) . Thus, (4-10') implies that there can be no transfer of wave momentum to the mean flow by stationary quasi-geostrophic waves.
In a non-geostrophic stationary wave, (4-8) holds and we speculate that mean zonal flow is not accelerated by the wave. However, it should be noted that (4-8) holds only for the zonal component of the wave momentum flux tensor and the other components have not such a character.
Concluding remarks
In the present paper, the transport properties of stationary waves in a rotating or non-rotating stratified fluid with a basic zonal flow which has both horizontal and vertical shears are discussed in somewhat different way from so far. The conclusions are summarized as follows.
(1) In the non-rotating case, the wave momentum flux consists of ulvl and ulwl, rather than the Reynolds stress components uv and uw. The former include the Lagrangian displacements. If the basic zonal flow is constant, they are reduced to the Reynolds stresses. Also, if the basic flow depends only on height, they are reduced to the Reynolds stresses, because in such a case the horizontal component can be omitted and in addition the correlation between vertical velocity and the corresponding displacement identically vanishes in stationary waves. (2) In the rotating case, the wave momentum flux includes the transport of momentum deficit or excess due to the latitudinal displacement of a particle, in addition to the wave momentum flux in the non-rotating case. This new term expresses the effect of Coriolis force. The northward displacement of a particle implies the momentum deficit, while the southward one implies the excess. (3) The vertical transport of the momentum deficit or excess due to the meridional displacement is closely connected to the meridional mass flux. Then, if the mass flux is directed southward (northward), the momentum deficit is transported upward (downward). (4) Both in the rotating and the non-rotating cases, the divergence of wave energy flux can be expressed by the inner product of the zonal component of the wave momentum flux tensor and that of the velocity gradient tensor. This seems to imply that the concept of momentum radiation by wave is appropriate to the rotating case, too. (5) Both in the rotating and the non-rotating cases, the zonal component of the wave momentum flux tensor referred to material surfaces is solenoidal in the meridional plane. This is an extension of the results by Eliassen and Palm (1961) for the nonrotating case and by Jones (1967) for the rotating case.
If the present result is adopted to quasi-geostrophic waves, it follows that the basic zonal flow cannot be changed to the second order of wave amplitudes by stationary waves. In the present paper, our discussions have been confined to stationary waves. Rigourously speaking, the concept of momentum radiation by wave should be treated in time-dependent states. This remains to be discussed.
